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SCATTERING POLES FOR
ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

DAVID BORTHWICK AND PETER PERRY

ABSTRACT. For a class of manifolds X that includes quotients of real hyper-
bolic (n + 1)-dimensional space by a convex co-compact discrete group, we
show that the resonances of the meromorphically continued resolvent kernel
for the Laplacian on X coincide, with multiplicities, with the poles of the
meromorphically continued scattering operator for X. In order to carry out
the proof, we use Shmuel Agmon’s perturbation theory of resonances to show
that both resolvent resonances and scattering poles are simple for generic po-
tential perturbations.

1. INTRODUCTION

The purpose of this paper is to show the equivalence of two possible notions of
‘scattering resonances’ for the Laplacian on asymptotically hyperbolic manifolds,
i.e., complete Riemannian manifolds of infinite volume with ‘constant curvature
at infinity’. On the one hand, it is very natural to define scattering resonances
with respect to the meromorphically continued resolvent of the Laplace operator.
This point of view has been very fruitful and has led to a large body of results
on the distribution of scattering resonances in the complex plane; see [29, B1] for
surveys and [5] 6] [7) B0] for results on the class of manifolds studied here. On
the other hand, it is also reasonable, by analogy with scattering theory for the
Schrédinger or wave equations in Euclidean space (see e.g. [14, 26]), to define
scattering resonances as poles of the scattering operator for the Laplacian. For
Schrodinger scattering on Euclidean space, the equivalence of scattering resonances
and resolvent resonances is well known [8,[9,[T0]. The analogous result for hyperbolic
manifolds is of interest since the poles of the scattering operator have a geometric
and dynamical interpretation: they are among the poles of Selberg’s zeta function
for geodesic flow on the manifold [22] 23] [25]. Thus the scattering resonances serve,
in a sense, as discrete data similar in character to the eigenvalues of a compact
surface. The methods used to prove equivalence of resonances in the Euclidean
setting do not appear to work in the hyperbolic case.

For noncompact Riemann surfaces and certain metric perturbations, Guillopé
and Zworski showed that the set of resolvent resonances and the set of scattering
poles coincide with multiplicities ([7], Proposition 2.11); here we will show that,
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with some restrictions, the same equivalence holds for asymptotically hyperbolic
manifolds in higher dimension.

To describe our results, we first recall that an asymptotically hyperbolic manifold
is a compact manifold X with boundary, endowed with a Riemannian metric of a
special form. A defining function for the boundary of a compact manifold X is a
nonnegative C*° function on X with 271{0} = 9X and dz|,x nowhere vanishing.
The metric g then takes the form z~2h, where z is a defining function and h
is a nondegenerate smooth metric on X such that |dz|, — 1 as 2 — 0. Note
that this metric puts X ‘at infinity’ and makes X, the interior of X, a complete
Riemannian manifold of infinite volume. The condition on |dz|, insures that the
sectional curvatures approach —1 at metric infinity. If A, denotes the positive
Laplace-Beltrami operator on (X, g) and X has dimension n+1, it is known that the
spectrum of A, consists of at most finitely many L? eigenvalues of finite multiplicity
in the interval [0,n%/4), and absolutely continuous spectrum in [n?/4, 00) with no
embedded eigenvalues (see [3,[15, [16] for quotients of hyperbolic space and [17, 19]
for asymptotically hyperbolic manifolds). Thus the resolvent R,(z) = (A, — 2z)~*
is a meromorphic operator-valued function on the cut plane C\[n?/4, co) with poles
at the L? eigenvalues having finite-rank residues. It is convenient to introduce a
uniformizing parameter ¢ and set Ry(¢) = (A, — ((n — ¢))~*, which is then a
meromorphic operator-valued function on the half-plane (¢) > n/2. The operator
R4(¢) has first-order poles at points (o whenever (o(n — (o) is an L?(X)-eigenvalue
of Ay. We denote by Z, the (finite and possibly empty) set of all such (p. The
multiplicity of (o € Z, is the dimension, mc,, of the eigenspace of A, with eigenvalue
Co(n — (o). Equivalently,

(1.1) me, = rank </ R,(C) dC) ,

where ¢, is a simple closed contour surrounding ¢y and no other pole of Ry(().

First, we define the resolvent resonance set of A4. Let C>(X) denote the smooth
functions on X vanishing to all orders at dX. Viewed as a map from C°°(X)
to C°(X), the resolvent operator R,({) admits a meromorphic continuation to
C\i(n —N), as was shown in [20]. The set R of resolvent resonances consists of
the poles of this meromorphic continuation in the half-plane R({) < n/2, excluding
the set 1(n — N). Lower bounds on resolvent resonances proven in [27] show that
this set is always nontrivial for constant curvature spaces, and explicit examples
(see, for instance, section 3 of [5]) show that resolvent resonances can form an
infinite lattice in the half-plane R(¢) < n/2. If {y is a resolvent resonance with
R(Co) < n/2, the multiplicity of (o is the number m¢, defined by (I}, where again
Y¢o 1s a simple closed curve that encloses (y and no other pole of R,(¢). The point
Co is a semi-simple resonance if Ry(¢) has a first-order pole at (5. The point ¢y is
a simple resonance if, in addition, the residue of the pole has rank one.

Next, we define the scattering operator and the scattering resonance set of A,.
For ( € C with R(¢) = n/2 and ¢ # n/2, and each f_ € C*(9X), there is a
unique smooth solution of the eigenvalue equation (A, — ¢(n —¢))u = 0 having the
asymptotic form

w=z"fi + 2" f_ 4+ O(x/F),
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where f; € C°°(0X). (This is the definition from [ZI]; for a proof see [IT].)
It follows that fi is uniquely determined and that there is a linear map S(¢) :
C>(0X) — C°°(0X) with S(¢)f- = f+; moreover it is clear that S(¢)S(n—¢) = I.
It can be shown that S({) extends to a meromorphic family of operators on C (see
[11]); these operators will have infinite-rank poles at ¢ € $n + N, and infinite-rank
zeros at ( € %n — N. The set S of scattering poles consists of the poles of the
meromorphic continuation of S(¢) in the half-plane R({) < n/2, excluding the set

%(n —N). For ¢y ¢ %(n — N), the multiplicity of a scattering pole (p is the integer

1
1.2 =—T
(1.2) v = 5 (/

(compare [7, [23] where similar definitions are made). Results of [4] show that v,
is an integer equal to the ‘null multiplicity’ of S({p) minus the ‘null multiplicity’
of S71({p), where null multiplicity must be defined with some care since neither
operator may exist at (o (see Section B). We will say that (p is semi-simple if the
pole of S({) at (o is of first order, and simple if the residue is rank-one.

We would like to show a correspondence, with multiplicities, between the sets
R and S. A direct method (see for example [7], where the case n = 1 is treated)
would compare the Laurent expansion of the meromorphically continued resolvent
at (p € R to the Laurent expansion of the scattering operator at (j, using the fact
that the Schwarz kernel of the scattering operator can be recovered from that of
the resolvent kernel. This direct method works easily when the resolvent resonance
is simple but is somewhat complicated for nonsimple resonances. For this reason,
we will perturb the operator A, with a potential V € C’OO(X ) which, as we will
show, can be chosen so that the meromorphically continued resolvent,

Ry(¢) = (Ag +V = ¢(n— )7,

has only simple resonances. The perturbation will split each resonance of mul-
tiplicity m into m resonances of multiplicity one localized near the unperturbed
resonance, and similarly each eigenvalue of multiplicity m into m eigenvalues of
multiplicity one. This result, which is of some independent interest, will allow us
to count multiplicities properly but avoid technicalities associated with nonsimple
resonances.

Our analysis of generic potential perturbations is inspired by Klopp and Zworski’s
analysis of resonances in potential scattering [13]. To carry out the analysis, we will
use Shmuel Agmon’s perturbation theory of resonances [I] in which the resonances
are realized as eigenvalues of a non-self-adjoint operator on a cleverly constructed
Banach space; this replaces the complex scaling used in [13]. Standard Kato-Rellich
perturbation theory [12] can then be used to study how the resonances move under
perturbation.

Our first result is:

S(©)718'(¢) dC)

Co-e

Theorem 1.1. Let (X,g) be an asymptotically hyperbolic manifold, and let R and
S be respectively the resolvent resonance set and scattering resonance set for the
Laplacian A, (with the points %(n—N) excluded). Then R = S, and the relationship

Vi = Mn—¢o — M

holds at any (y € R.
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Note that m,_¢, is nonzero only for the finitely many (o with n — (o € Z,; for
all other (y ¢ %(n — N) the scattering resonances and resolvent resonances coincide
with multiplicities. If n — (o € Z,, then we could have v¢, = 0 even though (p € S.

We can make a stronger statement if (X, g) has even dimension constant and
curvature ‘near’ infinity, i.e., if there is a compact subset K of X so that g has
constant negative curvature —1 on X\K. In [6] it was shown that in this case
R,4(¢) is meromorphic with finite rank poles on all of C. This class includes the
convex co-compact hyperbolic manifolds. Recall that a geometrically finite group I'
of isometries of real hyperbolic (n + 1)-dimensional space H"*! is called convex co-
compact if the orbit space I'\H"*! has infinite volume and I' contains no parabolic
elements. If T is torsion-free (which we can insure by passing to a subgroup of finite
index), the orbit space X = I'\H"*! is a complete Riemannian manifold when given
the induced hyperbolic metric g.

The full meromorphic continuation of the resolvent allows us to drop the re-
striction ¢ ¢ 4(n — N) and define an enlarged resonance set R that includes all
resolvent poles in the region R(¢) < n/2. The definition of the extended set S
requires a bit more care, because at ( € %n —N, the inverse S(¢{)~! = S(n — () has
infinite-rank poles, which means that the formula (L2)) cannot be used to define the
multiplicity at such points. Following [7], we can use a gamma-function to remove
the infinite-rank zeroes at these problem points. Define the modified scattering
operator

S(O) =T(¢—n/2+1)S(0),
and let S be the set of poles of S(¢) for R(¢) < n/2. The multiplicity is now defined

by
1
Ve, = =— Ir /
27 ~

We will show that, in even dimension, S¢ vanishes at the points %n — N, which
implies that R4(¢) and S (¢) are both holomorphic at these points.

SO d<> :

Co:e

Theorem 1.2. Let (X,g) have even dimension and constant curvature near in-
finity, and let R and S denote the enlarged resolvent resonance and scattering
resonance sets for Ay. Then R =& and the relation

V¢o = Min—¢o — M,
holds for all ¢y € R.

This paper is organized as follows. In Section [ we review the Mazzeo-Melrose
construction of the resolvent and study its behavior near resolvent resonances. In
Section [B] we recall how the scattering operator can be recovered from the resolvent
and discuss its behavior near scattering poles. In Section H] we study the pertur-
bation behavior of resonances when the operator A, is perturbed by a potential
Ve (> (X). In Section Blwe show that the operator P,y = Ay + V has only simple
resonances (o for (s ¢ 3(n —N) for potentials V in a dense open subset of C>(X).
Finally, in Section [6] we prove Theorems [[LT and

In what follows, ™V L?(X) denotes the space of locally square-integrable functions
von X with v = zNu for a function v € L?(X) and a fixed real number N. For a
fixed, given N, we denote by By the Banach space " L?(X), and by B; the Banach
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space z~VL23(X). If X and Y are Banach spaces, £(X,)) denotes the Banach
space of bounded operators from X to ). We metrize C*°(X) by introducing the
seminorms
(1.3) don(V) = sup |x*”DaV(x)‘ ,

zeX

for nonnegative integers n and multi-indices a, and we denote by d(-, -) the asso-
ciated metric on C*(X).

2. THE RESOLVENT OF Ay 4+ V AND ITS MEROMORPHIC CONTINUATION

The resolvent of the operator Py = A, 4+ V has a distribution kernel, with
respect to the Riemannian density on X, which is smooth away from the diagonal
A of X x X. To describe its singularities, it is useful to introduce the blow up of
X x X along 0X x 0X, the stretched product X x¢X. This amounts to introducing
polar coordinates at the diagonal in the corner of X x X where A intersects the
‘top’ boundary face X x X and the ‘bottom’ boundary face 0X x X; globally
one replaces OA with the doubly inward-pointing spherical normal bundle of OA.
If (z,y) and (2',%’) are local coordinates on X in a neighborhood of the boundary,
OA is given by x = 2’ = y — 3’ = 0; local coordinates for X x X near the boundary
are then given by (r,n,7,0,y) where

r=ya?+ @)+ ly- vl

(77; nla 9) = (J?/’I“, J)//T, (y - yl)/r)'

We denote by 3 the ‘blow-down map’ 3 : X xoX — X x X; in the local coordinates
described above, 8(r,n,7',0,y) = (rn,y, ',y — rb).

The following theorem summarizes the Mazzeo-Melrose [20] construction of the
resolvent. Although Mazzeo and Melrose did not treat potential perturbations,
potentials in the class C*°(X) may be accommodated without difficulty (see [I1],
Theorem 3.1 and its proof). We denote by G¢ the integral kernel of the resolvent
operator Ry (¢) = (Py — ((n — ¢))~! with respect to Riemannian measure on X,
initially a meromorphic function of ¢ with R({) > n/2.

Theorem 2.1. Let (X,g) be an asymptotically hyperbolic manifold, and let V €
C*>(X). The resolvent kernel G¢ has a meromorphic continuation to C with

B Ge=Ac+ B+ C¢
where

AC € 1_2(7 XoY),

Be € (m)*C®(X %0 X),
and
C; € B [(a2')SC=(X x X)].

Moreover A¢ is an entire function of ¢, B¢ is holomorphic in C\3(n —N), and C;
is meromorphic in C\3(n — N).
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Sketch of the proof. Let Pr = Ay +V —((n —(). Given an operator A on C*(X),
we will denote by x(A) the lift of the kernel of A (with respect to the Riemannian
density on X) to X xg X. The construction in [20] may be broken into three
pieces. First, we construct an operator A¢ to cancel the conormal singularity of
k(P;) on the lifted diagonal. The family A, is entire and has the property that
k(I—P:A¢) € C®(X xX). This remainder does not yet correspond to the integral
kernel of a compact operator on the original space.

To improve the error term, one uses the model resolvent. A second operator B¢
is constructed so that E; = I — P;(A¢ + B¢) has

R(E¢) €1 (n'r)*C=(X %o X).
The operator B¢ is holomorphic in (C\%(n — N); the operator E¢ is a compact
operator on the weighted L? space 2V L?(X) for all ¢ with R(¢) > n/2— N, and is
also holomorphic in C\1(n — N).
Finally, one inverts (I — E;) using analytic Fredholm theory. Composition the-
orems of [I8] show that if

(I+F)=(I—-E) ",

then s(F;) also lies in n°(n'r)>*°C>=(X x¢ X). This in turn implies that C; =
(A¢+B¢)Fe belongs to 3* [(z2)*C>°(X x X)], and therefore 3* G has the claimed
form. O

Remark 2.2. It follows from the form of the resolvent kernel that Ry (¢) is a con-
tinuous mapping from C*°(X) to C*°(X) when defined, and extends to a bounded
mapping from 2 L3(X) to 2~V L3(X) for R(() > n/2 — N.

Remark 2.3. The Mazzeo-Melrose construction does not rule out the possibility of
1

poles at ¢ € 5(n — N), possibly of infinite rank. If (X, g) has constant negative
curvature in a neighborhood of infinity, the operator As + B may be replaced by
the model resolvent (the resolvent of the Laplacian on the covering space H" 1),
which is entire if n is even and has finite-rank poles at ¢ = —k if n is odd (see
for example the explicit formulas in [6], section 2). In either case, these terms
contain only poles of finite rank, and the last step of the construction, involving
the meromorphic Fredholm theorem, gives at most poles with finite-rank residues.
A detailed construction of the resolvent in this case is given in [6], section 3. This

observation plays a crucial role in the proof of Theorem

Theorem 2] and standard arguments (see [7] , Lemma 2.4) enable us to char-
acterize the polar part of Ry(() at a resolvent resonance {; ¢ 3(n — N). We
will view the meromorphically continued resolvent as a mapping from the space
By = 2V L*(X) to B; = 2N L?(X) as in Remark 2, where N is chosen so that
R(Co) > n/2 — N. Introduce the nondegenerate form

(u,v>=/xuvdx

(no complex conjugation), which can be used to pair elements in By and B;. The
resolvent operator is symmetric with respect to this form.

Proposition 2.4. Let {; € C\i(n — N) be a pole of Ry (C). Then
—1

Ry(¢Q)= > (¢(n—¢) = Goln— o)) A + H(C),

j=—k
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where H(C) is a holomorphic L(By, B1)-valued function near { = (o and the A; are
finite-rank operators in L(By, By) with

A= (Dg+V —Goln— (o)) A

for j > 2. The operator A_1 commutes with Ay +V — (o(n — (o). Moreover, there
is @ basis {1;};0 for Ran(A_;) so that

A f= Z (f, ) i,

and the operator (Ay +V — (o(n — (o)) is represented on Ran (A_1) by a matriz
M with M*=* #£0 but M* = 0.

Remark 2.5. If (X,g) has constant curvature in a neighborhood of infinity, the
same result holds for any resolvent resonance (y including those ¢ € 3(n — N).

3. THE SCATTERING OPERATOR FOR Py

Let Sy (¢) denote the scattering operator for Py = A, + V. To describe the
scattering operator and its singularities, we recall its connection with the resolvent
kernel. First, we blow up X x 0X along the diagonal A, to obtain the space
0X xo 0X. The map By : 0X xg0X — 0X x 90X is the ‘blow-down map’ for
this resolution. If (y,y’) are local coordinates for 0X x 0X, r = |y — /|, and
6 = (y —vy')/r, then (r,0,%) give local coordinates for X x¢ 90X, and Ba(r,0,y) =
(y,y+70). The kernel of the scattering operator is recovered as an asymptotic limit
of the resolvent kernel. Let x(A) denote the lift of the integral kernel of A (with
respect to the measure on X induced by the metric h|,%) to X xo 0X. Then
[2, 1]

(3.1) K(Sv(Q) = B ((22') " Ge)| s

where T'N B is the intersection of the top and bottom faces of X xg X. From this
formula and Theorem -1, we easily obtain:

Theorem 3.1. The decomposition
K(Sv () = ™ F¢ + B5(K¢)

holds, where Fy and K; are meromorphic maps respectively into C*° (0X xo 0X)
and C*(0X x9X), and F¢ is holomorphic in C\3Z. At poles {y ¢ C\1Z, the kernel
K¢ has polar part with finite Laurent series and coefficients in C>°(0X x 0X). The
set of such poles is contained in the set of poles of Ry(C). For (o € Z, with
Co ¢ %n +Z, Sv () has a semi-simple pole at (o whose residue has rank me,.

Note that the distribution r~2¢ has poles at € %n—i—N, giving rise to infinite-rank
first-order poles of Sy (¢). The statement about poles at (o € Z, follows from the
fact that the resolvent has a semi-simple pole at each such {p and that the residue
is a finite-rank projection onto eigenfunctions of the form x¢0q) for ¢ € C>(X)
with |y% # 0. Thus from (BT it follows that Sy (¢) has a semi-simple pole with
residue Z:icf (i, ) p; where @; = x%owi‘ax.

The scattering operator Sy (¢) is a family of Fredholm operators meromorphic
in (C\%Z, satisfying

Sy (Q)Sv(n—¢) =1,
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with finite polar parts and finite-rank residues at each pole (y € C\%Z. For any
o ¢ 3Z, the multiplicity is

1
v, = Tr <—/
211 ~

In [4] Gohberg-Sigal gave a general method for computing the integer v¢,. Sup-
pose A(¢) is a meromorphic family of Fredholm operators on the Banach space
B, holomorphic for ¢ # (y in some neighborhood of (y, such that the nonsingular
part of A at {p has index zero. Assume also that there is a meromorphic inverse
B(¢) such that A(¢)B(¢) = B(¢)A(¢) = 1. A root function of A is a holomorphic
B-valued function such that ¢({p) # 0 but

Jim A(Q)(¢) = 0.

Then ¢9 = ¢({p), which plays the role of a null vector of A((p), is called a root
vector. As an illustration, consider

A(z)z(g ?) C(Z)ZGJ 211>.

Then A, C, and C~! have a root vector ¢p = (1,0) at z = 0, while A~! has no root
vector.

The rank of ¢ is the maximal order of vanishing of A(¢)¢(¢) at (p. Gohberg-
Sigal define a number N¢,(A) which is essentially the total rank of the space of
null vectors of A at (p. Since we will be splitting into simple poles, we need only
worry about the simplest possible cases: N¢,(A) = 0 if no root vector exists and
N¢,(A) = 1 if the space of root vectors is 1-dimensional with A(¢)¢(¢) vanishing
to first order. Theorem 2.1 of [4] says

VCO(A) = NCO(A) - NCO(B)7

Sv(Q) 'Sy (0) dC) -

Co-¢

where, in this setting, v¢,(A4) is defined by the equation

Ve, (A) :Tr% (A

for ~¢,,e @ simple closed contour enclosing ¢y and no other singularity of A({) or
B(C).

Now we can prove equality of multiplicities in the special case when all resonances
are simple. In the next two sections we shall show that all resonances are simple
for ‘generic’ V, from which the general result will follow.

B(C)A'(C)dé>

<o

Proposition 3.2. Ry ({) has a simple resonance at {y € (C\%Z iff Sy(¢) has a
simple pole at (y. Moreover assuming that (o and n — (y are at most simple poles
of Ry, we have

Vo = Mn—¢o — M-

Proof. Assume ¢, € C\1Z is a simple resonance of Ry (¢). The polar part of Ry (¢)
is

(¢(n—¢) = Co(n — o))" (o, ) tho

where 1)y € 7°°C°°(X) solves the eigenvalue equation (A, +V — (o(n — (o))tho = 0.

We claim that ¢y = 27|, + is a nonzero element of C°°(0X). If not, then

0X
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introducing local coordinates (x,y) on X where x is a defining function for X, we
have ¢y € 2°°T1C>, and a power series argument using the eigenvalue equation
shows that, in fact, g € C>® (X), so that 1) is an L?-eigenfunction, a contradiction.
It now follows from (31 that Sy (¢) has a first-order pole at ( = (o with rank-one
residue (¢, )¢, where (-, -) is the real inner product on functions in C>(9X)
with Riemannian measure induced by the metric h| .

Thus Sy (¢) can be factored as

Sv(¢) = B¢ — ) Po + H(OIF(Q),

where F and F' are holomorphically invertible, H is holomorphic, and Py is the
orthogonal projection onto the span of ¢g. By [4] we can drop the E and F' in
computing N¢,. Let

#(C) = (¢ — o) Sv(¢)bo
= ¢ + (¢ — Co)H(¢)o-

Since

Sy HOB(C) = (€ — Co) o,

¢o is a rank one root vector for Sy, 1 and it is unique up to a scalar multiple. Thus
(under the simplicity assumption)

Ne, (Sl;l) = Mmg,-
Applying the same argument at n — (y gives
N¢, (SV) - Nn—(o(‘sle) = Mnp—(o-

So the result follows from the Gohberg-Sigal formula for the multiplicity. O

A careful analysis of the resolvent parametrix construction (see for example [2])
shows that the map

(©132) x E=(x) 3 (€ V)— $v(0

is a continuous mapping away from poles of Sy (¢). The following continuity result
for scattering poles is a simple consequence.

Proposition 3.3. Let {, € S with {y € (C\%(n —N). For sufficiently small € > 0
there is a § > 0 so that for oll V € C"‘X’(X) with d(V,0) < §, the multiplicity

ve,(V)="Tr (2%72[,

is continuous as a map from C=(X) to Z. Hence

V¢o (V) = V¢o (O)

Sy H(Q)S(€) d<>

Co:e

for such V.
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4. PERTURBATION THEORY OF RESONANCES

Now we apply Agmon’s perturbation theory of resonances [I] to study the be-
havior of resonances under potential perturbations. For a fixed, asymptotically
hyperbolic manifold (X, g) we consider the family of operators Py where V ranges
over complex-valued C"OO(X ) functions. For any such V, Theorem 2] guarantees
that Ry (¢) = (Py — ((n — ¢))~! admits a meromorphic continuation to any half-
plane R(¢) > n/2 — N, N a positive integer, as a mapping from By = 2V L?(X)
to By = v NL?(X). We will set Ry (2) = (Py — z)~! with the understanding
that z lies on the second sheet of the Riemann surface for the inverse function of
f(¢) =¢(n—¢), so that Ry (z) is the meromorphic continuation of the resolvent to
the second sheet. Using the fact that Py : C°(X) — C*(X) together with Theo-
rem 1], it is not difficult to check that the operator Py satisfies the hypotheses of
Agmon’s abstract theory.

To study the perturbation of a resonance zy, Agmon introduces auxiliary oper-
ators and Banach spaces associated to an open connected domain A containing zg
with C' boundary I'. Let Br be the subset of B; consisting of functions of the form

w=f+ / Ry () ®(w) duw,

where f € By and ® € C(T'; By), the continuous functions on I' with values in By.
Finally, let Y be the closed subspace of By x C(T', By) consisting of those (g, ®)
with

0:g+/FRv(w)<I>(w)dw.

The space Br is a Banach space as the quotient of By x C(T, By) by the closed
subspace Y when equipped with the quotient norm

ll, = inf{IIfIBO +Bloqrny o= f+ [ Rilw) o) dw}.

The space Br satisfies By C Br C Bj, where the canonical injections are continu-
ous.

The theory of [T], which implies that there is a closed operator P¥ : D(PL) — Br
which is a restriction of Py, is a sense we will make precise, and whose eigenvalues
in A are exactly the resonances of Ry (z) in A. In fact, let Py be the closure
of Py as a densely defined operator from B; to itself. Then P‘l;u = Pyu for all
u € D(PL). The Laurent expansion of Ri,(z) = (PL — 2z)~! near a resonance
zg € A takes the form

-1
> (2= z20) AY + H'(2),

j=—k
where H'(2) is a holomorphic £(Br)-valued function in a neighborhood of 2y and
the A} are finite-rank operators belonging to L(Br, D(Py;)). For f € By we have
ATf = Aif,
where A; are the corresponding Laurent coefficients for Ry (2).
Now fix V € C*°(X) and set P(t) = Py +tW for another potential W € C*°(X).

The operators P(t) have resolvents which admit meromorphic continuation to
L(By, B1)-valued meromorphic functions in R(s) > n/2 — N for any fixed N > 0.
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Moreover, for ¢ small and a fixed region A, the spaces Br(t) corresponding to P(t)
are equal as sets and carry equivalent norms, and the operators Pr(t) form an an-
alytic family of type (A) in the sense of Kato [12]. Let R(t,2) = (P(t) — 2)~! and
RY(t,2) = (PY(t) — 2)~L. Theorem 7.7 of [1] shows that, for small ¢, the resolvents
R (t,2) and R(t, 2) coincide on By, possess the same set of poles for each fixed ¢,
and Ran(Ag (t)) = Ran(A4,(t)), where A;(t) and A; (t) are the respective Laurent
coefficients of R(t,z) and R (t,2) at a given pole in A.

5. GENERIC SIMPLICITY OF RESONANCES

For L? eigenvalues of the Laplacian and its perturbations, it has long been known
that ‘generic’ potential perturbations split degenerate eigenvalues so that a single
eigenvalue of multiplicity m becomes m simple eigenvalues, localized near the orig-
inal eigenvalue (see for example Uhlenbeck [28], where generic simplicity is proved
for the Laplacian on compact manifolds, and Kato [I2] for the background in per-
turbation theory of linear operators; Uhlenbeck’s methods adapt without difficulty
to eigenvalues below the continuous spectrum). The purpose of this section is to
show that the same is true of the resolvent resonances.

Theorem 5.1. The set E of potentials V € C’OO(X) for which all eigenvalues of
Ay +V and all resonances of Ay +V in C\3(n—N) are simple is open and dense

in C=(X).

We will follow rather closely the argument of [13] except that Agmon’s per-
turbation theory replaces the exterior complex scaling used there. Since generic
simplicity results for eigenvalues are well-known we will only prove that generic
simplicity holds for the resonances.

For positive integers N and real numbers r > 0, we define

1
N = {C ER: ¢ <, dist((,a(n—N)) > 1/N},
and let
Ey = {V € C®(X) : each ¢ in Ry is simple}.
We set

-

n=1

n
ENv
1

DY

and we define
F =C®(X)\E.

We wish to show that E is dense in C'* (X), i.e., that F' has empty interior. By
the Baire category theorem, it suffices to show that F = C°°(X)\E% is nowhere
dense for each n and N. By the discreteness of the resonance set in C\3(n —N), it
suffices to show that for any V' € FJ;, any nonsimple pole (y, and any € > 0, there
is a W with «(W,0) < € so that V + W has only simple poles in a neighborhood
of (p. As in Section [l it will be convenient to work with the meromorphically
continued resolvent R(z), and we will denote by zy the point on the second sheet
of the Riemann surface for R(z) corresponding to (.

Consider the family of operators Py w = Ay +V + W, where d(W,0) < o, and
g0 > 0 is to be chosen (here d(-,-) is the metric on C°°(X) defined in (I3)). Let
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I’ be a contour enclosing zp and no other pole of R(z). For ¢ small enough, the
operators P‘l; 4w defined in Agmon’s abstract theory can be considered to act on a
single Banach space Br, and the associated projection

1
[ (P =)
T

2me
is analytic in W with d(W,0) < e, and of constant rank, say m. As in [13], we
note that either
(1) for each & > 0, there is a W with z(W,0) < e so that P}, ;, has at least two
distinct eigenvalues, or
(2) there is an & > 0 so that for all W with #(W,0) < e, P}, has a single
eigenvalue z(W) and there is an integer k(W), 1 < k(W) < m, so that
(Pll;JrW - Z(W))k(W)HEJrW =0 (Pll;JrW - Z(W))k(w)_lnlrﬂrw 7 0.
If case (2) does not occur, we can split resonances repeatedly by small pertur-
bations. Thus we will suppose that case (2) does occur and obtain a contradiction.
First, note that k(W) is locally constant, so by taking ey small enough we may
assume that k(W) is constant for W with (W, 0) < €g. As in [13] we consider in
turn the possibilities k(W) = 1 (the semi-simple case) and k(W) > 2.
First suppose that k(W) = 1, that z(W) is an eigenvalue of P, 4w of multiplicity
m, and let {t;};-, be a basis for Ran(AL,), where A", occurs in the Laurent
expansion for (P — 2)~% at z = 2p. The vectors {1/)]»};”:1 belong to Br C B;

T _
HVJrW -

and may be chosen to diagonalize AT, as in Proposition Z4 Let { fj}gnzl be a
set of vectors in By with (¢, f;) = d;;. Finally, for fixed W, let L(t) = P‘;_HW,
let I, = IIY, 4y, let op5(t) = Iyeps, and let z(t) = z(tW). By differentiating the
eigenvalue equation

(L(t) — 2(t))9s(t) = 0
at t = 0, we recover the identity

(W = 2"(0))¢s + (L(0) — 2(0))25;(0) = 0.
We now apply the projection Ily to both sides, pair with f;, and use the fact that
(L(0) — z(0))IIy = p(L(0) — 2(0)) = 0 to conclude that
<fj,HOW1/)i> = z’(O)éz]

From the choice of {f;} and the fact that IIy = ", (¢;, - ) ¢; it now follows that

(i, Wipj) = 2(0)dy5.
Since this must hold for any W € C*(X) (in particular for all W € C§°(U) with
U an open subset of X), it follows that at least one of the 1; vanishes on U, and
hence on X by unique continuation. This gives a contradiction.

Now suppose that z(WW) is not semi-simple, but that there is a fixed k¥ > 2 so
that

(L(t) = () Tl =0, (L(t) — 2(£)" 1T, #0.
Choose a vector h € B with 1(t) = (L(t) — z(t))*~'II;h # 0, so that
(L(t) = 2(1))¥(t) = 0.
Let » = 4(0). A perturbation calculation again leads to
(5.1) (W = 2"(0))¢ + (L(0) — 2(0))y'(0) = 0.
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If we apply the projection Iy to both sides of (Bl and pair with a vector f € By
with Ilpf = v, we obtain

We have used the fact that Iy is symmetric with respect to the pairing (-, -). To
evaluate the right-hand side, we use the fact that L(0) — z(0) preserves By to write

<faH0w> = <faH0(L(O) k 1I_IO >

(¥, To(L(0) — 2(0))* ')

((L(0) - 0))’“ 1Hoh( (0) = 2(0))*'TIoh)
) —

2(
= ((L(0) = 2(0))**TIph, (L(0) — 2(0))"TIoh)
= 0,

so that (¥, W) = 0 for all W € C“X’(X). It follows that 1 vanishes on X, a
contradiction.

We have now shown that for each ¢ > 0, there is a W with d(IW,0) < ¢ so that
P‘l; 4w has at least two distinct eigenvalues. It follows that any resonance can be
split by an arbitrarily small perturbation W e C°°(X). This fact implies that the
set E of potentials V' for which A, + V has only simple resonances in C\3(n — N)
is open and dense in C>° (X), and Theorem Bl is proved.

In case (X, g) has constant curvature near infinity, this result can be improved
if we work with the class C§°(U) for a fixed open subset U of X. In this case the
methods of [6] can be used to show that the resolvent of A;+V has a meromorphic
continuation with only finite-rank poles, including any poles at {; € 1(n—N). One
can then apply the above arguments without essential changes to prove:

Theorem 5.2. Let U be a fized open subset of X with compact closure. The set
E of potentials V € C§°(U) for which all eigenvalues and all resonances of Ag+V
are simple is open and dense in C°(U).

6. RESOLVENT RESONANCES AND SCATTERING POLES

Finally, we give the proofs of Theorems [Tl and [L.2.

To prove Theorem [L.T] we choose a C’OO(X ) potential V' so that all of the eigen-
values and resonances of A;+V are simple. We further choose V' small enough that,
for a given point {p € R with (p ¢ (C\%(n —N), some € > 0, and any ¢t € (0,1), no
resonances of A, +tV cross the circle v¢, . of radius € about (p, and the projection

Iy = zim/7 (2¢—n)(Ag +tV —=¢(n— ()1 d¢

Co»€
(as well as its analogue for n — ¢y if (o € Z,) is continuous in ¢. It follows from
Kato-Rellich perturbation theory for small ¢, the rank of II;y is continuous, so that
m(t) = rank(Il;y ) = me,

is constant for ¢ small. On the other hand, we can also assume that for some t # 0
and small, the resonances of A, 4tV are all simple. Thus we can apply Proposition
to conclude

S QS (€) d@) = My — M-
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Finally, by Proposition B3] we have

1
T L /
2mi J,,
where v¢, is the multiplicity of the scattering pole (o of S({), the scattering operator
for the unperturbed A,. This proves Theorem [Tl
For poles (o € 3(n — N), the proof breaks down for several reasons: (i) the

resolvent may have infinite rank poles at these points, making m,, undefined, (ii)
the scattering operator may have infinite rank poles at the points %n + N, making

S (S (€) d@) = Vg,

Co-e

v¢, undefined at in — N. If (X, g) has constant curvature in a neighborhood of
infinity, then as remarked in the introduction, problem (i) is avoided. Moreover,
Theorem BTl on generic simplicity of resonances holds at all R({) < n/2 in this case
because all poles have finite rank.

If in addition to constant curvature near infinity X has even dimension (i.e. n
is odd), then problem (ii) can be bypassed because of very particular behavior of
the resolvent and scattering operators at the points %n —N.

Lemma 6.1. Suppose that X has constant curvature near infinity, V is compactly
supported, and dim X is even. Then for ( € %n -N, Sy(¢) =0.

Proof. The proof is a direct generalization of [7], Lemma 2.5. Let Go(¢;w,w")
be the integral kernel of Ry(¢) with respect to Riemannian measure on H"T!
where w = (z,y), v = (2/,y’) for y,y' € R™, 2,2/ > 0. In general one has
Go(¢) € (za")C=®(H"! x H"*1\A), where A denotes the diagonal. However, at
the special points %n — N we actually have

(6.1) Go(n/2 — k) € (za')2TFC®(H"T! x H'H\A).
This can be checked be writing down the resolvent explicitly or by using the formula
GolGiw ) = Gon-cluw) = [ ealGiuy)eoln = Gy dy

where

—n/2 F(C) ¢
L(C=n/2) (ly —y" ] +2%)¢
The point is that eg(¢) vanishes at ¢ = 4n — N if dim X = n + 1 is even.

Now we want to make use of the iterative parametrix construction in [6]. Since
¢ has constant curvature near infinity, a neighborhood of X can be covered with
finitely many neighborhoods each of which is isometric to a hemisphere border-
ing the real axis in H"*!. Guillope-Zworski construct a boundary model My(¢)
for the resolvent by pulling back Gy into these neighborhoods. So *My(¢) €
(m')¢C>°(X x¢ X), in the notation of §2, but has the extra decay as in (6.I)) for
(e %n —N.

For each N > 0 one can construct a correction M’({) such that

[Ag +V = C(n = Ql(Mo(¢) = M'(C)) = 1 — K(O),
where M’ and K are meromorphic with finite rank poles, and the kernels satisfy
BR(M') € nS+20/ 120 (X x¢ X),
B r(K) € TNy r?C=(X xo X).

€0 (Cv w, y") =7



SCATTERING POLES FOR HYPERBOLIC MANIFOLDS 1229

This implies that K is compact on 2V L?(X) for R¢ > %n — N, so the analytic
Fredholm theory can be applied to give

Ry () = (Mo(¢) = M"(O))(I = K(O)~".

Using the general composition properties of the kernels (see [18| 2]), one can show
that (I — K(¢))™! = I + K’ where K’ has a similar structure to K, but possibly
with extra logarithms at lower orders. We then have

(6.2) Ry (¢) = (Mo(¢) — M'(O)) (I + K'(Q))-

Recall the characterization (BJ]) of the scattering operator as a boundary limit of
the resolvent. From this we see that M’(I 4+ K’) never contributes to the scattering
operator. The extra decay of My(¢) at the special points ¢ € %n — N shows that
(x2’)~CMy(I + K') vanishes in the limit x — 0 at these points. So the scattering
operator is zero. O

Now we are ready to prove Theorem[[.2l By the perturbation argument as above
we can assume that Ry has only simple resonances, and away from %n — N no new
argument is needed.

Fix £ € N and suppose that Ry had a pole at (, = § — k. Arguing as in
Proposition 3.2 the polar part of Ry (¢) is

(C(n - C) - Co(n - 4'0))71 <7/10, > 1/)07

where g € 22 ~*C°(X) solves the eigenvalue equation (A, +V —(o(n—C(o))tho = 0.
Suppose that oo = x’%““i/)o‘ay =0. Then ¢y € x7 ~*10°°(X). The power series
argument can be applied at these points to show that ¢ € x3+tFC>(X). This
would be L? and so gives contradiction. Therefore ¢y would have to be nonzero,
implying that Sy (¢) would have a pole at (p. Since Sy ({p) = 0 we conclude that
Ry is holomorphic at (o = § — k and m¢, = 0.

Now consider Sy (¢) = T'(¢ — 5 +1)Sv(¢) as in the introduction. By Lemma
Sy is holomorphic at ¢y = 5 —k, so Ngo(g;l) =0=me (V).

It remains to compute Ngo(gv) by considering the behavior of 5;1 at (p. We
can appeal to ([6.2) to argue that

~ 1

K(551(Q) = m"é(sv(n—())
1 * N—(n—
= rem g ()|

for ¢ in a neighborhood of (p. Here the infinite-rank pole in Sy at n — (o = 5 + k,
which comes from the model term My in G, ¢, is cancelled by dividing out the
gamma function.

The rest of the argument proceeds as before. We conclude that N¢, (Sy) = 1 if
and only if Ry (¢) has a simple pole at § 4 k. We thus have

V¢o (V) = NCO (SV) - NCO (5\;1) = Mn—¢ (V) - mCO(V)v

and the theorem follows.
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